Robotics  Research 
Ibchnical  Report 


-"foe, 


■'■aton 


'Ortir 


iife^^^^o. 


"^^Chir 


.-JaSjy! 


Parallel  Triangulation  of  a  Polygon 
In  Two  Calls  to  the  Trapezoidal  Map 

by 

Chce-Kcng  Yap 


Technical  Report  No.  284 

Robotics  Report  No.  104 

March,  1987 


\. 


(0   (0 


rH     0) 

O  JS 


New  York  University 
t  Institute  of  Mathematical  Sciences 

Computer  Science  Division 

25 1  Mercer  Street  New  York,  N.Y  1 00 1 2 


Parallel  Triangulation  of  a  Polygon 
In  Two  Calls  to  the  Trapezoidal  Map 

by 

Chee-Kcng  Yap 


Technical  Report  No.  284 

Robotics  Report  No.  104 

March,  1987 


New  York  University 

Dept.  of  Computer  Science 

Courant  Institute  of  Mathematical  Sciences 

251  Mercer  Street 

New  York,  New  York    10012 


Work  on  this  paper  has  been  supported  by  NSF  Grants  #DCR-84-01898  and   #DCR-84. 
01633. 


Parallel  Triangulation  of  a  Polygon 
in  Two  Calls  to  the  Trapezoidal  Map 

Chee-Keng  Yap' 

Courant  Institute  of  Mathematical  Sciences 

251,  Mercer  Street 

New  York  University 

New  York,  NY  10012 


ABSTRACT 

We  give  a  parallel  method  for  triangulating  a  simple  polygon  by  two  (paral- 
lel) calls  to  the  trapezoidal  map  computation.  The  method  is  more  uniform 
and  the  proofs  more  elegant  than  in  previous  methods.  Along  the  way,  we 
obtain  an  interesting  partition  of  one-sided  monotone  polygons.  Using  the 
best  known  trapezoidal  map  algorithm,  ours  run  in  time  0(log  n)  using  0(n) 
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1     INTRODUCTION  1 

1     Introduction 

The  triangulation  of  a  simple  polygon  has  numerous  applications  in  com- 
putational geometry.  The  problem  saw  a  significant  breakthrough  recently 
when  Tarjan  and  Van  Wyk[5]  gave  an  0(n  log  log  n)  time  sequential  algo- 
rithm. The  first  parallel  algorithm  was  given  by  Aggarwal,  Chazelle,  Guibas, 
O'Dunlaing  and  Yap  [1]  using  0(n  log  n)  processors  and  time  O(logn);  this 
will  be  abbreviated  as  O(nlogn,logn).  It  is  easy  to  see  that  an  0(n  log  n,  log  n) 
solution  implies  an  0(n,  log  n)  solution.  Atallah  and  Goodrich  [3]  improved 
this  to  O(n,logn  loglogn).  Recently,  with  Cole  [2],  they  obtained  a  further 
improvement  to  0(Ti,logn). 

The  parallel  triangulation  algorithms  aJl  depend  on  computing  a  (verti- 
cal) trapezoidal  map  for  a  simple  polygon,  i.e.  for  each  vertex  v,  we  compute 
the  edges  A{v)  and  B{v)  of  the  polygon  that  are  vertically  visible  from  v, 
with  A{v)  above  v  and  B{v)  below  v.  We  let  A{v)  and/or  B{v)  be  unde- 
fined if  there  is  no  such  edge.  The  terminology  comes  from  the  fact  that  the 
edges  vA{v)  and  vB{v)  for  all  v  (when  defined)  partitions  the  polygon  into 
trapezoids. 

The  steps  for  parallel  triangulation  are  as  follows.  (See  [1],[3];  the  method 
actually  goes  back  to  [4]) 

1)  Compute  the  vertical  trapezoidal  map  for  vertices  of  the  input  polygon 
P.  This  can  be  used  to  partition  P  into  a  collection  of  one-sided  monotone 
polygons  (see  figure  1  and  next  section  for  definition).  The  problem  now 
reduces  to  triangulating  such  monotone  polygons. 

2)  For  each  monotone  polygon,  we  use  a  divide  and  conquer  method  in 
which  the  vertices  of  the  polygon  are  divided  into  square-root  contiguous 
subgroups  Gi,G2, ..  .„  and  their  lower  hulls  H\,n2.,.. .,  are  computed,  as- 
suming that  the  lower  hulls  are  interior  to  the  polygon  (otherwise  it  is  their 
upper  hulls  we  compute).  The  interior  of  the  convex  hulls  are  recursively 
triangulated. 

3)  These  lower  huUs  ni,H2,. .. ,  are  merged  in  O(logn)  parallel  stages: 
in  the  first  stage,  the  hulls  of  H2,-\  and  H2,  are  merged  for  i  =  1,2,.... 
By  merging  two  hulls,  we  mean  computing  the  lower  hull  of  their  union 
(typically  by  computing  their  common  lower  tangent).  Next  the  hulls  of  the 
merged  pairs  are  in  turn  merged,  etc. 

4)  At  the  end  of  step  3,  we  are  left  with  a  decomposition  of  the  monotone 
polygon  into  pieces  that  can  easily  be  triangulated  by  a  process  akin  to 
merging  two  lists. 

The  unsatisfactory  feature  about  this  method  is  the  several  'heteroge- 
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nous'  reductions:  each  cf  the  four  steps  has  a  distinct  technique!  Besides 
making  calls  to  both  a  trapezoidal  map  and  a  convex  hull  algorithm,  there 
is  also  recursion  in  step  2.  Since  triangulation  is  a  ba^ic  problem  that  many 
other  algorithms  depend  on,  it  would  be  desirable  to  find  a  cleaner  and  more 
natural  solution. 

In  our  new  method  to  be  described,  we  will  use  two  parallel  calls  to 
the  trapezoidal  map  and  avoid  recursion.  Our  first  reduction  is  the  same 
BiS  step  1  above.  So  the  rest  of  this  note  shows  how  to  triangulate  a  one- 
sided monotone  polygon  in  one  more  parallel  call  to  the  trapezoidal  map. 
However,  the  proofs  are  esisier  to  understand  if  we  first  describe  a  two-call 
method  and  then  remark  that  the  second  call  is  unnecessary. 

2      Fan  partition  of  one-sided  monotone  polygons 

A  simple  (n  f  1  )-gon  Q  =  (  vq,  ■  ■  • ,  Vn)  is  one-sided  monotone  (along  the  hori- 
zontal direction,  with  Vov„  aa  the  distinguished  edge)  if  the  vertical  projection 
of  the  polygonal  path  vqVi  ■  ■  ■  Vn  onto  the  line  through  vov^  is  monotonic. 
See  figure  1. 


X^) 


Figure  1:  One-sided  monotone  polygon 

We  will  assume  that  t'l, . . .  ,Vn-\  lie  above  the  line  through  uofn-  We  do 
not  assume  uoUn  is  horizontal  (but  it  must  not  be  vertical);  without  loss  of 
generality,  assume  vq  has  higher  altitude  (j/-coordinate)  than  v„,  and  vq  is 
left  of  Vn- 

Remark.  In  the  following  development,  we  will  prove  more  than  strictly 
needed  for  the  main  algorithmic  result  we  want.  The  overhead  is  hopefully 
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justified  by  the  intrinsic  value  of  the  structures  which  we  believe  have  other 
applications. 

For  each  vertex  v,  let  L{v)  and  R{v)  denote  the  edges  of  Q  horizontally 
visible  from  v,  with  L{v)  to  the  left  and  R{v)  to  the  right  of  v.  Here,  we 
require  that  the  horizontal  lines  of  vision  from  v  to  both  L{v)  and  R{v)  lie 
within  the  polygon.  Hence  L{v)  and  R(v)  could  be  the  edges  of  Q  incident 
on  V  but  in  any  case  they  are  defined  for  each  v.  For  instance,  Z,(iio)  =  ^o^n 
and  if!  >  0  and  the  altitude  of  ii,_i  is  lower  than  the  altitude  of  v,  then  Z,(t;,) 
is  the  edge  v,^iv,  incident  on  Vi.  Let  X{v)  (resp.  p{v))  denote  the  endpoint 
of  L(v)  (resp.  R{v))  with  the  lower  altitude.  (For  simplicity  assume  no  two 
vertices  have  the  same  altitude.)  Thus,  if  L{v)  =  v,v,^\  then  A(i))  =  v,  and 
if  R{v)  =  u,z',+  i  then  p(v)  =  r,+i.  We  also  let  the  point  Xq{v)  (resp.  po{v)) 
denote  the  horizontal  projection  of  v  onto  the  edge  L{v)  (resp.  R{v)). 

We  say  a  vertex  v  is  low  if  L{v)  or  R{v)  is  equal  to  uot'n-  Since  we 
assumed  that  vo  has  higher  altitude  than  Vn,  we  must  have  L{v)  -  vov-n  if  v 
is  low;  furthermore  Vq  and  r„  are  aJways  low.  Let 

uo,  txi,.. .  ,Uk        [k  >  1) 

be  the  sequence  of  low  vertices  ordered  by  their  vertical  projection  onto 
voVn-  (Thus  uo  =  Vo  and  ut;  =  i;„.)  But  we  observe  that 

Ao(uo), Xoiuk) 

are  ordered  in  the  same  order  on  I'oi'n-  Consider  the  partition  of  Q  by  the 
polygonal  chain  of  low  vertices 

Let  Q'  be  the  component  of  the  partition  adjacent  to  vov„  and  Q'^  be  the 
union  of  the  remaining  components.  If  /:  =  1  then  Q'  is  empty  and  Q"*"  =  Q. 
For  our  first  lemma,  we  define  for  any  vertex  i'  and  for  fj  £  {A,p),  the 
triangle 

A^(t;)  =  /\vfi{v)^io{v). 

LeiTima  1 

1.  If  (X(v).  ft)  /  (Vn,A)  then  A^(i')  is  contained  inside  Q. 

2.  For  all  fi,iy  £  {X,p],  and  all  vertices  u,v,  if  {X{u), fx)  and  (X{v),u) 
are  distinct  from  {Vn,X)  then  interiors  of  the  triangles  A^(u)  and  A^(i;) 
intersect  iff  fJ-  =  i-'  and  fi{u)  =  v{v). 
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Proof.  The  first  part  is  easy.  So  consider  the  second  part.  Let  e  (resp.  e') 
be  the  edge  of  Q  containing  the  horizontal  /i  projection  of  /\t,{u)  (resp.  the 
horizontal  u  projection  of  A^(u))  onto  the  boundary  of  Q.  Suppose  there 
is  a  point  x  in  the  common  interior  of  A^(u)  and  A^{v).  First  assume 
fi  =  V  and  w.l.o.g.,  let  fi  =  A.  Then  the  horizontal  left  projection  of  x  to 
the  boundary  of  Q  must  be  in  the  interior  of  the  edges  e  and  e'.  Since  this 
projection  is  unique,  this  proves  e  =  e'  and  n(u)  =  i^{v).  Therefore  we  may 
assume  /i  =  A  and  u  =  p.  Then  u  must  be  right  of  v.  Assume  that  u  is 
at  a  higher  altitude  than  i'.  Consider  the  strip  defined  by  the  vertical  lines 
through  u  and  v.  the  horizontal  line  from  u  to  Ao(u)  must  cut  the  strip  into 
two  parts.  This  means  the  portion  of  the  boundary  of  Q  from  u  to  v  must 
intersect  u\o{u),  which  is  a  contradiction.  Q.E.D. 

For  1.1  e  {A,p},  define  D^{u)  to  be  the  union  over  all  triangles  A^(t') 
where  fi{v)  =  u.  See  figure  2.  Note  from  the  figure  that  if  the  altitude  of 
i',+i  is  higher  than  th"  altitude  oft;,,  then  D\{i\)  includes  the  degenerate 
triangle  AA(f.+i). 


Figure  2:  The  set  D\{u) 

An  immediately  corollary  is  this: 

Corollary  2   Assume  that  (u,/i)  and  (^',^')  are  distinct  from  {v„,X). 

1.  D^{u)  is  contained  inside  Q. 

2.  The  interiors  of  D^(u)  and  of  D^{v)  intersect  iff  fi  ~  /'  and  u  =  v. 

Henceforth,  whenever  we  write  D^[u),  we  tacitly  assume  (u,  /j.)  ^  (t'n.  A). 
Two  line  segments  are  said  to  intersect  essentially  if  the  intersection  of  their 
closures  contains  a  point  in  the  relative  interior  of  at  lea.st  one  of  them.  Let 
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us  say  that  a  set  of  line  segments  are  essentially  disjoint  if  there  are  no 
essential  intersections  between  distinct  pairs  in  the  set. 

Lemma  3   The  set  of  edges 

E  =  {v\{v)   :  V  -  vq,...  ,Vn    and    v  /  low)  U  {vp{v)   :  v  =  vq,  . . .  ,Vn} 

are  essentially  disjoint. 

Proof.  (Note  that  in  our  definition  of  E,  we  do  not  mind  v  to  be  low  v/hen 
putting  the  edge  vp(v)  in  E.)  We  give  a  "homotopic"  proof.  For  each 
t,{0  <  t  <  1),  define  the  points 

Xt{v)  =  {I  -  t)\o(v)  +  tX{v) 

pt{v)  =  {I  -  t)po{v)  +  tp(v) 

which  clearly  extends  our  definition  of  Xo{v),po{v).  Also  note  that  X{v)  -— 
X\{v),p{v)  =  pi{v).  Now  consider  the  set 

Et  =  {vXt{v)   :  V  -  vo, . . .  ,Vn    and    v  ^  low}  U  {vptiv)  :  v  =  vq,  ■  ■  ■  ,Vn]. 

Clearly  Et  is  a  set  of  line  segments  that  is  continuously  parameterized  by  t 
(to  be  specific,  regard  £<  as  a  set  of  points  in  the  plane  and  use  the  Hausdorflf 
topolog\'  on  point  sets).  Note  that  Eq  is  essentially  disjoint.  Since  the  line 
segments  vpti'v)  {p  €  {X,p})  lie  in  D^{p{v)),  and  the  interiors  of  the  D^ 
sets  are  disjoint,  and  furthermore  the  relative  interiors  of  the  line  segments 
vpti'v)  lie  in  the  interior  of  D^  ior  0  <  t  <  1,  we  may  conclude: 

For  0  <  /  <  1,  there  is  no  essential  intersection  between  any  pair 
of  line  segments  in  Et  unless  they  both  are  contained  in  the  same 
D,,  set. 


'M 


On  the  other  hand,  if  two  segments  are  contained  in  the  same  D^  set,  it  is 
easy  to  see  that  the  definition  of  the  homotopy  parameterized  by  t  ensures 
that  such  segments  do  not  intersect  essentially.  This  completes  the  proof. 
Q.E.D. 

Let  us  now  modify  each  of  the  Z?^(r)  sets  as  follows:  suppose  u'l, . . . ,  u'fc 
are  the  vertices  such  that  p{w,)  =  v.  We  may  assume  that  k  >  2  since 
otherwise  £>^  ha^  empty  interior  and  may  be  considered  degenerate.  These 
vertices  can  be  ordered  in  the  natural  fashion,  say  in  such  a  way  that  the 
sequence  v,w\,W2,  ■  ■  ■  ,u>k  and  the  vertical  projection  of  the  sequence  are 
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similarly  ordered.  It  is  not  hard  to  see  that  vwi  is  an  edge  of  Q  (i.e.,  v  and 
wi  are  consecutive  vertices  on  the  boundary  o{  Q).  Define  D^{v)  to  be  the 
polygon  whose  vertices  (in  this  order)  are 

{v,Wi,W2,...,Wk) 

Thus  the  polygon  D^i{v)  is  obtained  from  D^{v)  by  the  addition  of  A:  -  1 
triangles.  If  /z  =  A  (/i  =  p)  we  call  Df^{v)  the  right-fan  (left-fan)  at  u. 
(Notice  the  reversal:  A(u)  =  v  means  that  Aa(u)  contributes  to  the  right 
fan  at  v.)  The  edge  vw^  is  called  the  base  of  the  fan  (v,  wi, . . .  ,W);)- 

It  is  easy  to  see  that  the  left-fan  at  vq  and  the  right-fan  at  ?;„  are  always 
degenerate. 

Theorem  4 

1.  Each  fan  ot  v  is  star-shaped  at  v. 

2.  Each  fan  is  contained  in  Q. 

3.  The  interior"  of  fans  are  pairwise  disjoint. 

4-  The  set  of  fans  forms  a  partition  (the  'fan  partition')  of  Q'^ . 

5.  The  edge  set  E  in  the  previous  lemma  forms  a  triangulation  of  Q'^ . 

6.  The  collection  of  base  edges  forms  the  fan  partition. 


Proof.  Parts  1  and  2  are  easy  to  see. 

To  see  part  3,  recall  that  the  interiors  of  the  sets  D^{v)  are  pairwise 
disjoint.  Since  a  fan  at  v  is  obtained  from  D^{v)  by  adding  triangles  a.s 
noted  above,  we  only  have  to  show  that  the  interiors  of  added  triangles  do 
not  belong  to  any  other  fan.  The  proof  is  as  follows.  Suppose  a-  is  a  point 
in  the  interior  of  an  added  triangle  abc  for  a  fan  F  at  u  and  it  is  also  in  the 
interior  of  an  added  triangle  a'b'c'  for  a  fan  F'  at  u' .  See  figure. 

Say  a  and  a'  are  apexes  of  the  respective  triangles.  Then  be  and  b'c' 
are  horizontal,  and  assume  that  b  (resp.  b')  is  left  of  c  (resp.  c').  Now  ab 
(resp.  a'b')  projects  horizontcdly  onto  some  subinterval  of  an  edge  e  (resp. 
e')  incident  on  u  (resp.  u').  Then,  by  an  argument  similar  to  the  proof  of 
lemma  1,  we  see  that  if  F  and  F'  are  both  left-fans  or  both  right-fans,  then 
u  =  u'  so  F  =  F' .  Therefore,  we  may  assume  F  to  be  a  left-fan  and  /''  a 
right-fan  (as  illustrated  in  the  figure).  Now  consider  the  line  segment  xu:  it 
is  easy  to  see  that  xu  lies  inside  Q  and  its  right  projection  is  a  subinterNul 
of  e.  Note  that  c'  is  to  the  right  of  x  and  has  lower  altitude  than  x  (since  x 
is  inside  a'b'c').  Since  c'  is  a  vertex  of  Q,  it  must  lie  above  the  line  through 
xu  (otherwise  the  boundary  oi  Q  from  a'  to  c'  would  intersect  xu).  Let  the 
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Figure  3:  Two  added  triangles  abc  and  a'b'c' 

right  projection  of  x  onto  e  be  t/  and  consider  the  triangle  xyu:  this  must 
be  contained  inside  Q  by  what  is  said.  Thus  c'  cannot  be  in  the  interior  of 
xyu\  c'  also  cannot  lie  on  yu.  Thus  c'  lies  strictly  to  the  right  of  yu,  which 
means  that  triangle  a'b'c'  intersects  e,  constradicting  the  fact  that  a'b'c'  lies 
inside  Q.  This  concludes  the  proof  of  part  3. 

To  see  part  4,  in  view  of  part  3,  it  is  sufficient  to  show  that  each  point  x 
inside  Q"*"  belongs  to  some  fan.  Suppose  x  does  not  project  horizontally  to 
VQVn-  Then  form  the  convex  quadrilateral  abed  C  Q  containing  x  such  that 

(i)  ab  is  horizontal  and  at  higher  altitude  than  x  (we  allow  a  =  b).  Say  a  is 
left  of  b. 

(ii)  There  is  a  vertex  of  Q  on  the  edge  ab  (possibly  in  the  relative  interior 
of  ab) 

(iii)  6c  (resp.  da)  is  a  portion  of  an  edge  oiQ, 

(iv)   Both  c  and  d  are  vertices  of  Q.  Say  d  is  left  of  c. 

It  is  easy  to  see  that  this  quadrilateral  is  unique.  Then  we  see  that  the 
right-fan  at  d  and  the  left-fan  at  c  completely  covers  the  quadrilateral.  Thus 
X  belongs  to  one  of  these  two  fans.  On  the  other  hand,  if  x  (left)  projects 
onto  voVn  then  we  modify  the  construction  so  that  (iv)  becomes: 

(iv)'  cd  is  horizontal  and  c  is  a  vertex  of  Q  (possibly  c  =  d). 

Then  we  see  that  Q'^  fi  abed  is  contained  in  the  left-fan  at  c.  Therefore 
X  is  in  some  fan  provided  x  lies  in  Q"*",  completing  our  proof. 


2     FAN  PARTITION  OF  OSE-SIDED  MONOTONE  FOLYGONS 


-■^C 


Figure  4:  abed  defined  by  x 

Part  5  is  proved  by  observing  that  each  of  the  edges  forming  part  of 
the  boundary  of  a  fan  belongs  to  E.  And  furthermore,  each  fan  at  v  is 
triangulated  by  the  edges  emanating  from  v  (these  edges  are  clearly  in  £"). 

We  leave  Part  6  as  an  exercise.  Q.E.D. 

It  remains  to  triangulate  Q' . 

Lemma  5  Polygon  Q'  is  monotone  along  the  direction  of  uo^'n.  i-^-  the 
ordered  sequence  of  low  vertices  uo,...,Uk  of  Q  when  projected  to  I'ot'n  in 
the  direction  normal  to  voVn  preserves  the  original  order  in  uq,  . . .  ,U/t- 

Proof.  We  use  a  homotopic  proof  again:  imagine  the  (simultaneous)  projec- 
tion of  the  points  uq,  ••-,«*  onto  uo^n  continuously  parameterized  by  some 
0  <  /  <  1,  and  changing  from  the  horizontal  projection  (/  =  0)  to  the  verti- 
cal projection  {t  =  1).  We  see  that  the  projection  must  preserve  the  original 
order  throughout.  Along  the  way,  the  parameterization  passes  through  the 
projection  of  interest,  which  therefore  has  the  desired  property.  Q.E.D. 

Now  we  can  triangulate  Q'  very  simply:  construct  the  trapezoidal  map 
of  Q'  except  that  the  visibility  direction  is  that  parallel  to  I'ot'n-  Each  L{u,) 
and  R{u,)  (i  =  l,...,fc  -  1)  is  now  guaranteed  not  to  be  equal  to  VQVn, 
i.e.,  each  u,  is  not  low  with  respect  to  this  projection.  Hence,  by  a  previous 
lemma,  the  set  of  edges  E'  formed  in  the  usual  way  from  this  trapezoidal 
map  gives  a  triangulation  of  (Q')'^  =  Q' . 
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3      Final  Remarks 

We  now  state  the  algorithm  in  concise  form:   we  are  to  triangulate  a  given 
simple  n-gon  P. 

Step  1.  Compute  the  vertical  trapezoidal  map  for  P  and  obtain  a  collection 
of  one-sided  monotone  polygons  as  usual.  This  is  done  in  O(logTi)  time 
with  n  processors  using  the  recent  result  of  [2]. 

Step  2.  For  each  one-sided  monotone  rrz-gon  Q  so  obtained,  we  assign  m 
processors  and  compute  its  horizontal  trapezoidal  map  in  O(log77i) 
time.  From  this  we  construct  the  set  of  edges  E  that  triangulates  Q'^ . 
Note  that  E  contains  the  sequence  of  edges  that  partition  Q  into  Q"*" 
and  Q'. 

Step  3.  For  each  A:-gon  Q'  obtained  in  step  2,  we  assign  k  processors  and 
compute  its  trapezoidal  map  along  the  direction  of  its  distinguished 
edge.  From  this  map  we  construct  the  set  of  edges  E'  that  triangulates 

Q'. 

We  now  show  that  the  third  step  can  be  rendered  unnecessary.  To  see 
this,  we  observe  that  the  proof  of  correctness  of  our  fan-partition  and  tri- 
angulation  of  Q"*"  depends  on  the  notion  of  vertical  projections.  However,  if 
we  take  an  afRne  transformation  r  that  preserves  vertical  lines  then  all  our 
arguments  go  through.  Our  notions  of  left  and  right  is  still  preserved  since 
this  is  with  respect  to  the  vertical  direction.  In  particular,  if  r  make  the 
distinguished  edge  VQVn  horizontal,  then  there  are  no  low  vertices  (except 
for  wo.^n)  and  the  polygon  Q'  is  empty.  In  other  words,  we  may  replace 
steps  2  and  3  by: 

Step  2'.  For  each  one-sided  monotone  m-gon  Q  so  obtained,  assign  m  pro- 
cessors and  compute  the  trapezoidal  map  along  the  direction  parallel 
to  its  distinguished  edge.  Construct  edge  set  E  in  the  usual  way.  This 
completes  the  triangulation. 

Can  the  above  method  be  extended?  A  generalization  of  triangulating 
simple  polygons  is  the  following:  we  arc  given  a  set  of  line  segments  that 
are  essentially  disjoint.  We  want  to  triangulate  the  interior  of  their  convex 
huU  by  adding  line  segments  (as  usual,  without  introducing  new  vertices). 

We  could  begin  by  a  call  to  the  convex  hull  algorithm.  Even  though  the 
resulting  set  of  line  segments  (consisting  of  the  original  set  plus  the  convex 
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hull  edges)  is  not  a  simple  polygon,  it  is  not  hard  to  see  that  we  can  convert 
a  trapezoidal  map  of  this  set  into  a  partition  of  the  interior  of  the  convex 
hull  consisting  of  one-sided  monotone  polygons.  So  the  problem  is  solved  as 
before. 

But  in  the  spirit  of  our  two-calls  solution,  we  ask  if  we  can  replace  the 
above  call  to  convex  hull  witn  something  more  elementary  (like  sorting),  or 
more  uniform  (like  calls  to  the  trapezoidal  map).  In  trying  (and  failing)  to 
do  this,  the  reader  will  see  how  our  two-calls  solution  exploits  the  fact  of  a 
simple  polygon. 
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